INTRODUCTION
Compared with conventional horizontal axis wind turbines (HAWTs), vertical axis wind turbines (VAWTs) exhibit several advantages that make them attractive candidates for more efficient off-shore wind farms. In particular, the insensitivity to wind direction and the low center of gravity have caused a renewed surge of interest in VAWTs for floating, deep-offshore applications. 1 To accelerate the adoption of the VAWT concept in the offshore wind industry, there is a need for a deeper understanding of their complex rotor aerodynamics. In most previous studies, 2, 3 VAWTs have been idealized by modelling a single actuation surface, which coincides with the swept area of the rotor blades. Despite its relatively high accuracy and computational efficiency, this simplified approach is incapable of incorporating the effect of additional wind turbine components on the overall rotor aerodynamics, which could, however, play a significant role.
For example, the effect of the struts or tower cannot be accounted for, nor could more unconventional VAWTs such as double-bladed concepts or the so-called butterfly turbine be modelled with these approaches. These applications are visualised in Figure 1 . With this in mind, this research studies two concentric actuators: the actuator-in-actuator cylinder concept (AC-squared).
Background
To model actuator-in-actuator applications, various simulation codes have been considered in literature, balancing accuracy with computational speed. The highest fidelity models, being 2D and 3D CFD models, allow the effect of the tower and struts on the VAWT loading and performance to be identified by simply introducing the geometry into the simulations. This is studied by various authors such as Rezaeiha et al 4 and Siddique et al. 5 Also actuator line and vortex models have been explored by, eg, Mendoza 6 to identify the effect of (inclined) struts. A lower fidelity but fast model is the streamtube model. A strut model has been implemented in this model by Moran, 7 who derived a correction coefficient for the drag. Inclined struts will also produce torque, and therefore, Goude 8 and later Hara et al 9 proposed a more general approach to include both lift and drag forces. They developed the double-multiple streamtube model with the purpose to extend the original multistreamtube model to simulate a 2D double-bladed VAWT. However, a major shortcoming of the streamtube model is that it does not account for the induction of the downwind part of the rotor on the upwind part of the rotor.
A model that does take into account the downstream induction on the upstream part but still offers a similar calculation speed as the streamtube model is the Actuator cylinder model developed by Madsen. 10 Although this model has not yet been extended to model the actuator-in-actuator concept, researchers such as Ning 11 and Li et al 12 already worked on the actuator cylinder theory for multiple VAWTs next to each other. In essence, the actuator-in-actuator concept could be seen as two side-by-side actuator cylinders with zero internal distance.
Research objective
This research extends the original actuator cylinder model to simulate the actuator-in-actuator concept. It focusses on the development of the model and its verification, the presentation of an application of the actuator-in-actuator concept, and its comparison against other codes. The goal of this research can be formulated as follows:
1. Extending the original actuator cylinder (AC) model to the actuator-in-actuator cylinder (AC-squared) model.
2.
Verifying the actuator-in-actuator cylinder model against analytical solutions and OpenFOAM (OF) calculations.
3. Demonstrating the actuator-in-actuator application using the actuator-in-actuator cylinder (AC-squared) model and comparing it against a free-wake vortex method.
APPROACH AND METHODS

Original actuator cylinder (AC) model
The actuator cylinder (AC) model, developed by Madsen, 13 is a 2D flow model extending the actuator disk concept. 14 An actuation surface is introduced that coincides with the swept area of the rotor, which is a cylindrical surface for a VAWT. The reaction of the blade forces (F n and F t ) are applied on the flow as distributed body forces (Q n and Q t ). The solution of the velocity field around the actuator cyinder builds on the 2D, steady, incompressible Euler equations, and the equation of continuity. 15 The induced velocities are prescribed by the volume forces and induced forces and consist of a linear and non-linear solution. The so-called Mod-Lin solution 16 uses only the linear version of the AC model and a correction to account for the non-linear part, instead of solving the computationally expensive non-linear solution. The non-linear part of the induced velocity is compensated using a correction factor k a and is calculated based on the relation between the induction factor a and the thrust coefficient C T . This relation includes that C T = 4a(1 − a) for a < 0.5 as well as the Glauert correction for a > 0.5. This Mod-Lin solution method requires less resources and still delivers accurate results. 17 Figure 2A shows the 2D representation of an Actuator cylinder and presents the sign convention used in this work.
Extended actuator-in-actuator cylinder (AC-squared) model
The actuator-in-actuator cylinder model builds further on the original AC model of Madsen. 13 The differences and applied adaptations will be highlighted in this section. 
As in the original derivation, the actuator surface is discretised into N azimuthal panels. Each panel is prescribed with a piecewise constant loading Q n and Q t in the normal and tangential direction, respectively. In the original AC model, the induced velocity is only dependent on the normal loading. 
in region 2 to 4 , respectively. B is the number of blades, the air density, and F n and F t are the normal and tangential forces acting on the actuator.
The correction factor k a to account for the non-linear solution is given by a relation between the induction factor a and the thrust coefficient C T . Note that C T for both the outer and inner rotor is defined with respect to the outer rotor.
All simulations presented in this article are performed using 42 azimuthal sections. 
OpenFOAM (OF) model
To verify the actuator-in-actuator extension of the AC model, simulations are performed using computational fluid dynamics in OpenFOAM. 19 Simulations are made for a single AC as well as for the actuator-in-actuator concept for various thrust coefficients. using blockMesh, which decomposes the domain into a set of hexahedral blocks with straight and arc edges. In total, the domain consists of 276 000 cells with the main vortices and some cells for indication defined in Figure 4 . The grid has shown to be dense enough and produce converged results on the x-and y-velocity behind the actuator with an accuracy below 1 × 10 −3 for a thrust coefficient of 0.8. The actuator loading is applied in one thin row of cells as uniform body forces.
U2DiVA model
For comparison purposes, the time-dependent model U2DiVA is used. U2DiVA is a two-dimensional panel/vortex model, developed by Ferreira. 20 It follows the Prandtl's lifting line theory and represents airfoils by a distribution of sources and doublets on the airfoil surface. The vortex is consequently shed into the wake with a velocity being a combination of the incoming wind speed and the induced velocity. The wake and velocity field around an arbitrary VAWT rotor is presented in Figure 5 . From a convergence study on the power coefficient with the number of revolutions, it is concluded that 50 revolutions with a time step of 2.5
• should suffice for medium to highly loaded cases. An extensive validation and comparison of this model with other aerodynamic models is provided in Ferreira. 21 The model can easily be adapted to calculate the velocity field around the actuator-in-actuator concept.
RESULTS AND DISCUSSION
Flowfield verification using analytical solutions
To verify the implementation of the AC model as well as the extended AC-squared model, flow cases with analytical solutions are studied. The force field of well-known examples are prescribed, and the flow field streamlines are computed.
The first case considers the flow around a cylinder, represented by a doublet being a combination of a source and sink of equal strength at infinitely small distance. At the wall of the cylinder, the radial velocity U r is zero while the tangential velocity U is proportional to U ∞ and sin( ). The incoming velocity U ∞ is in the positive x-direction. This allows to say that the volume forces are proportional to U 2 or in other words
Using this force field as input for Q n in the AC model allows to calculate the velocity around the cylinder and consequently the streamlines. The result is provided in Figure 6A where the left figure presents the force field introduced to the actuator surface and the right figure the steamlines. The results comply with the expectations. The same results are found for the force field applied to the inner rotor.
The second case can be considered as a simplified model of the flow around an airfoil. The airfoil is presented by a lifting surface and a force field is prescribed on the camber line of the airfoil with random strength. The results are provided in Figure 6 (b) where the left figure presents the applied volume forces and the right figure the corresponding steamlines. The streamlines are deflected in a similar manner as around a potential airfoil. Again, the same results are found for the forcefield applied to the inner rotor.
The third case consists of applying a force field with a constant strength over the inner and outer actuator in normal direction. Because this force field does not create any vorticity, it is conservative, meaning the total work done in moving a particle between two points is independent of the taken path. As such the induced velocity will be zero according to the Biot-Savart law, and thus, no changes are expected to the incoming velocity field. In Figure 6C , the results calculated using the acuator-in-actuator cylinder model are provided. It presents the force field introduced to the model and the calculated steamlines. Finally, a uniform force field with a random strength over the outer actuator in tangential direction is applied. This force field is nonconservative and should alter the velocity field. For volume forces working anticlockwise, the streamlines should be pushed down inside the actuator, and flattened again when leaving the actuator. In Figure 6D , the forcefield introduced to the model is presented as well as the streamlines.
With this final example, it is confirmed that the AC model is implemented correctly.
Flow field verification using OpenFOAM calculations
To verify the extension of the AC model for the actuator-in-actuator concept further, a comparison is made between the flow field predicted by the model (AC-squared) and the field modelled with OpenFOAM (OF). To test the implementation step-by-step, a force field is applied first on the outer actuator only, then on the inner actuator and finally on both together. A uniform normal and tangential force field upwind and downwind is introduced with various strengths. One representative example comparing the AC-squared model and the OF results is provided in Figure 7 and Figure 8 . In Figure 7 , the x-velocity profile at three different x-locations for various loadings on the inner and outer actuator are provided. In Figure 8 A major difference between the calculations of the AC-squared model and the OF model is that the OF model predicts a gradual decrease of the x-velocity in the wake, and the AC-squared model finds a sudden drop, although the minimum velocity in the wake complies well. The vorticity is assumed to be shed in a straight path behind the rotor causing the deficit in x-velocity to be only behind the rotor (similar to a frozen wake model). This causes the wake not to expand as much as predicted by the OF model. The only streamline deflection is due to the induced y-velocity, and this velocity component is modelled well.
To demonstrate the validity of this assumption, a study is performed for various thrust coefficients. The actuator cylinder is loaded with a uniform normal loading on the outer actuator providing a specific thrust coefficient between 0.1 and 0.9. In Figure 9A , the induced x-velocity at y=0 and three different x-locations are presented for various thrust coefficients.
Both codes predict a very similar behaviour, and no significant dependency is identified between the error and the thrust coefficient. The relative error between both codes with respect to the OF results does not exceed 3% where the biggest differences are around C T = 0.5.
Although the induced velocity at various locations behind the rotor is captured rather well, the width of the wake calculated by both codes diverge from each other at large thrust coefficients. This is shown in Figure 9B . The width of the wake is quantified by the deflection of the streamlines. This observation might be expected since for heavily loaded cases, C T > 0.5, the straight vorticity shedding is less applicable. More wake expansion is expected. The relative error is identified to raise from 0.1% for low thrust coefficient up to 12% at high thrust coefficients.
Note that the kink around C T = 0.5 is due to the expression of the Mod-Lin correction.
APPLICATION
To demonstrate the use of the AC-squared model, an application will be presented, and the results will be compared with solution of a free wake vortex method. The application presents the results of two rotors inside each other, as a representation of the double-bladed turbine or the strut-blade model in 2D.
The idea behind the AC model and also the AC-squared model is that it consists of two steps: (1) to determine the flow field when the force field is known and (2) determine the force field when the flow field is known. So far in this paper, the force field was prescribed. In this application, an iterative process is implemented between both steps, in which the second step is solved using simple steady blade element theory. The inflow angle and angle of attack at the rotor blades are extracted from the velocity vector at the quarter-chord point of the blades, and this allows to calculate the forces and loading on the rotor. The velocity at every point in the 2D space will be updated, and the process repeated until the model converges to a steady solution. In Figure 10 , the sign convention is presented.
Effect of inner rotor
To identify the effect of the inner rotor on the outer rotor, a representative example is presented. In this example, an outer rotor with a solidity of 0.1 and tip speed ratio of 3.0 is selected. The radius of the inner rotor is half of the radius of the outer rotor. The chord and number of blades of the inner rotor is the same as the outer blades, causing the solidity of the inner rotor to be twice the solidity of the outer rotor. Both rotors are rotating with the same rotational speed. The lift and drag polars used for both blades are C l = 1.1 × 2 and C d = 0. In Figure 11 , the results calculated with the AC-squared model are presented. Figure 11A to Figure 11D display the angle of attack, relative velocity, normal loading and tangential loading as a function of the azimuthal position of the blade. The results are presented both with and without the absence of the inner rotor. From the results, it is clear that the presence of the inner rotor mainly effects the downwind part of the rotor. In the region behind the rotor, the velocity field is affected as such that the angle of attack is decreased and consequently also the loading.
The upwind part is only marginally affected.
Comparison against U2DiVA calculations
The actuator-in-actuator model is compared with the time-dependent U2DiVA code. In Figure 12 and Figure 13 , the angle of attack and relative velocity as a function of the azimuthal position are presented. The first figure presents a low loaded case with a thrust coefficient of 0.54. The second figure represents a highly loaded case with a thrust coefficient of 0.91. Figure 12A and Figure 13A show the operational conditions of the outer rotor, while Figure 12B and Figure 13B present the conditions of the inner rotor. From the comparison, it can be concluded that the AC-squared model is able to predict the overall behaviour both at the outer and inner rotor. Especially for the low loaded case, the differences are minimal. For the more heavily loaded case, the error between both codes is more pronounced, although still acceptable. This is in line with the expectations since it is already noted before that for heavily loaded cases, the wake expands more, which is not captured by the AC model.
The discrepancies between both codes are in the same order as in the absence of the inner rotor case (see Ferreira 21 ). Furthermore, the operational conditions at the upwind part of both rotors are better predicted than the downwind part. The downwind part is operating inside the wake, which makes it more challenging to compute the induced velocities.
It becomes interesting when considering the power coefficient produced by both rotors separately for various inner rotor radius. Note that a zero inner radius corresponds to the case where the inner rotor is absent. The analysis is presented in Figure 14 . The results are presented only for the heaviest loaded case since the differences are more pronounced. First of all, note that the power coefficient at the inner rotor is significantly lower than the outer rotor; however, the inner rotor's power coefficient is increasing with increasing inner radius. The power predicted by the AC-squared model is higher than the one found by the free wake vortex model. This is in agreement with what is found in Ferreira 21 for the original AC model. The difference is smaller for the inner rotor since the loads are significantly lower. A part of the error between both models can be attributed to the lack of modelling the unsteady effects in the AC model. 
CONCLUSION
In this work, we have worked towards the development of the AC-squared model. This 2D model aims to model the behaviour of two concentric actuator cylinders as a modelling technique for applications such as strut-blade modelling, double-bladed turbines, the so-called butterfly turbine,
or even the modelling of the tower.
The AC-squared model is an extension of the original AC model of Madsen. 13 The induced velocity at the 2D field is calculated as a result of the force field acting on the inner and the outer actuator cylinders. The effect of both the normal and tangential loading on the velocity field are incorporated. The Mod-Lin correction 13 is applied to account for the non-linear part of the solution.
The implementation of the AC-squared model is first verified using flow cases with analytical solutions and secondly verified against OpenFOAM calculations. The first verification cases consists of the force field acting on a cylinder in freestream, a simplified model of an airfoil in freestream, a conservative force field with only a normal loading on a cylindrical surface and a non-conservative force field with a tangential loading on a cylindrical surface. All cases confirmed a good implementation. The verification of the AC-squared model with laminar OF calculations concluded that the x-and y-velocity match well for all load forms. The induced velocities are captured well by the new model; however, the assumption that the vorticity is shed in a straight path behind the rotor is less valid for highly loaded actuators (ie, high thrust coefficient). In these cases, the wake expands significantly more than for lower loaded cases causing this assumption to be less true.
Finally, an application is provided to demonstrate the use of the actuator-in-actuator cylinder model. In this application, the prescribed loading is replaced by an iterative process that calculates the loading at the rotor based on the relative velocity and angle of attack. The effect of the inner rotor on the outer rotor is clearly identifiable, and the results are compared with the vortex/panel method U2DiVA.
